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A s imple  difference method is proposed for in tegrat ing the thermal  
and hydrodynamic boundary layer  equations for a s teady flow of com- 
pressible fluid along a permeable  p la te .  

The s y s t e m  of boundary  l a y e r  equations for  a c o m -  
p r e s s i b l e  f luid flowing along a p e r m e a b l e  p la te  in the 
p r e s e n c e  of hea t  t r a n s f e r  can be wr i t t en  in the fo l low-  
ing d imens ion l e s s  fo rm:  

Ou Ou O~u 

0 F Ou dV 
p~ V = O, (1) 

Oy Oy dx 

apu + Opv = 0 ,  (2) 
Ox Oy 

Ot at 1 ( o2t + o F at)  
pu ~x + p v Oy Pr t~ Oy 2 Oy Oy 

I \ o y ]  ~ =o, (3) 

where  the t e m p e r a t u r e  c r i t e r i o n  0 = (Cp/C v -  1)'M~, 
This  s y s t e m  of equations can be so lved  exac t ly  only in 
individual  c a s e s  fo r  f ixed t h e r m o p h y s i c a l  c h a r a c t e r i s -  
t i c s  and v e r y  s i m p l e  boundary  condi t ions .  Thus,  for  
solving mos t  p r a c t i c a l  p r o b l e m s  va r ious  approx ima te  
methods  a r e  employed.  Numer i ca l  methods  a r e  now 
mos t  f requent ly  used  for  solving boundary  l a y e r  p r o b -  
l e m s .  A number  of au thors  [1 -3 ]  have p roposed  i m -  
p l ic i t  d i f fe rence  methods  for  solving the equations of 
p lane  and a x i s y m m e t r i c  boundary  l a y e r s .  These  me th -  
ods have ce r t a i n  d i sadvan tages ,  in p a r t i c u l a r ,  the 
d i f f icu l t ies  that  a r i s e  in ca lcu la t ing  the in i t ia l  sec t ion  
and ensur ing  a smooth matching  of the longitudinal  
ve loc i ty  u(x,,y) and t e m p e r a t u r e  t(x, y) functions and 
the funct ions V(x) and T(x) at  the outer  edge of the 
boundary  l aye r .  

In what follows an expl ic i t  d i f fe rence  method is  p r o -  
posed  for  solving Eqs.  (1)-(3) with the fol lowing bound-  
a r y  condi t ions:  

u(O, Y)=uo(Y), v(0, y)=vo(y) ,  t(0, y)=to(y), (4) 

u(x, o) = o, v(x, o) = ve (x), t (x, o) = t~ (x), (5) 

o~ Iv(x) ov ~-"(x' y)] ~ =  = 0, 

a~ [T (x)-- t (x, y)] / 
0, Oy k y~ 

k = 0 , 1  . . . . .  

where  the funct ions u0(Y), v0(y), t0(y), re(x) ,  re(x), 
V(x), T(x) a r e  a s sume d  given. 

To so lve  p r o b l e m  (1)-(6) in the plane (x,y) we in -  
t roduce  the r e c t a n g u l a r  ne twork  

&~=nl, n = 0 ,  l, ..., l ~ 0 ,  

y.~=mh, re=O, 1, ..., h=cons t .  

(6) 

F o r  p r o b l e m  (1)-(6) we subs t i tu te  the fol lowing d i f -  
f e r e nc e  p r o b l e m  to d e t e r m i n e t h e  app rox ima te  va lues  
Unto , Vnm , and trim of the funct ions U(Xn, Ym), V(Xa, 
Ym), and t(x n, Ym): 

u~+r,,~ = ( 1 - -2M. .~)  u,,m + M,~m (1 -l- N,,.,) u . . . .  ~ + 

-t- Mnm ( 1 - -  Nnm ) u~,,n+l -}-t Fr~'n' 

m = 1, 2, .,., M,~+I--1, (7) 

v h 1 {(P )T~§ ~ - -  ~( 
Vn+l'rn--~ Pn+l.m 

x[(o.).+,,~-(p.), ,m+ (~u).§ .... ~}, 
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m = 1, 2 . . . . .  M~+a, (8) F r o m  cond i t ions  (14) and (15) it  fo l lows  that  

m = 1, 2 . . . . .  M~+,.-1, (9) 

Uo~ = Uo ( ~ ) ,  Vo,. = Vo (~,~), tom = to (ym), (lO) 

u,~+~,o = O, v~+x, o = vr t,~+,,o = t~(x,~+O, (11) 

u~+a,~ = V(xn+~), r = T(xn+O 

fo r  m > Mn+ ~, (12) 

w h e r e  

dV (x~) 
Pare = P (tn,n,Pn), P~,+I = pn--lp~ (xn) V (xn) ~ , 

~ = ~ (x~, g~,  t , ~ ) ,  M~,~ - -  l ~.~ 
h ~(p U)~m ' 

h ( ~t . . . .  1--~n,m21OnmUnm) 
N,~.~ -~ ~ 2h 

F . ~ - -  l p = ( % ) V ( x . )  dV(x . )  , M'~,~= M~,  
(9u),~ dx Pc 

N ~  _ h ( ~,~.m+x--~ ~ . . . .  ) 
211,,~m 2h PnmVnmPr ' 

R n m _ _ I O [ ( U l - - U l )  ~ - - ( P  U)nm ~tnm ....  2h ..... 

dV (xn) ] 

Mr~+t = max{m + 1, No} for k(tI%~+t--%~+~,m)~ 

--< (~,~+~.,, - -  %+~,m-O, 

= V ,  T, 1t)=u, t. (13) 

Condi t ion  (13) e n s u r e s  that  the  func t ions  u and t and 
t h e i r  d e r i v a t i v e s  up to the  k - t h  o r d e r  a r e  s m o o t h l y  
j o i n e d  with  the  func t ions  V and T.  It was  ob ta ined  as  
fo l lows .  In a c c o r d a n c e  wi th  condi t ion  (6) the  abso lu t e  
v a l u e s  of the  d i f f e r e n c e  d e r i v a t i v e s  of the  func t ions  u 
and t n e a r  the  ou t e r  edge  of the  bounda ry  l a y e r  m u s t  

d e c r e a s e  m o n o t o n i c a l l y ,  i . e . ,  on the  l a y e r  n + 1 t h e r e  
m u s t  e x i s t  t h r e e  s u c c e s s i v e  po in t s  such  tha t  

i', I --~ 
k = l, 2 . . . . .  (14) 

The  a p p r o x i m a t e  v a l u e  of the  k - t h  o r d e r  d e r i v a t i v e  
i s  found wi th  the  fo l lowing  d i f f e r e n c e  r e l a t i o n :  

w h e r e  

-07]m 

] =  Im w h e n k = 2 v - - 1  v = t ,  2 . . . . .  
Lm - -  lwhen  k = 2v. 

(15) 

/ Mn+l+ k - - J  w h e n k = 2 v - - 1 ,  
2 

Y = k when  k = 2v, tMn§ 

@~ ]~-i h~ (%+~--%+I,M-I), 
( O ~  / ~§ _ ( k - - 1 ) ( - -  1) ~ 

OY ~ Jr-2 h~ (~,~+x--%+~,M-3 + 

+ (-- 1)k -~ - -  (u.+L~-I - -  u.+l,M-2). 
hk 

Condi t ion  (13) fo l lows  d i r e c t l y  from the  e x p r e s s i o n s  fo r  
the  d i f f e r e n c e  d e r i v a t i v e s  (al~/0yk)~+l and (0k~/Oyk)~+~. 

It should  be  noted  that  the  u s e  of the  p r o p o s e d  m e t h o d  
of m a t c h i n g  func t ions  i s  not  conf ined  to the  b o u n d a r y  
l a y e r  p r o b l e m .  R e l a t i o n  (13) can  a l s o  be  used ,  f o r  e x -  
a m p l e ,  in the  n u m e r i c a l  so lu t ion  of p r o b l e m s  of the  
t e m p e r a t u r e  f i e ld  in an inf in i te  o r  s e m i - i n f i n i t e  m a s s .  

The  p r o c e d u r e  f o r  so lv ing  d i f f e r e n c e  p r o b l e m  (7 ) -  

(13) is as  f o l l ows .  The  v a l u e s  U0m, V0m, tom, m = 1, 
2 . . . .  a r e  d e t e r m i n e d  f r o m  cond i t ions  (10). If the  c a l -  
cu l a t ions  a r e  m a d e  s t a r t i n g  f r o m  the  l ead ing  edge  of 
a p l a t e  exposed  to a f low with  e q u a l i z e d  v e l o e i t y  and 

t e m p e r a t u r e  f i e ld s ,  then,  U0m = V(0), V0m = 0, tom = 
= T(0), m = 1, 2, . . . .  By p r o c e e d i n g  s t e p w i s e  a long  
the  x - a x i s  we can  d e t e r m i n e  the n e t w o r k  func t ions  u, 
v,  and t f o r  the  e n t i r e  r e g i o n  in ques t ion .  In fac t ,  we 

wi l l  a s s u m e  that  Uim, Vim, t im ,  i = 1, 2 . . . . .  n 
have  a l r e a d y  b e e n  found, and it  i s  r e q u i r e d  to d e t e r -  
m i n e  t h e m  fo r  i = n + 1. F i r s t ,  we find the  v a l u e s  

Un+l, m and tn+t, m f r o m  cond i t ions  (7), (9), and (11), 
check ing  that  the  i nequa l i t y  of (13) is  s a t i s f i e d  fo r  a l l  
m > M0 - 0. If th is  i nequa l i t y  i s  s a t i s f i e d ,  f u r t h e r  
c o m p u t a t i o n  of the  v e l o c i t i e s  and t e m p e r a t u r e s  f r o m  
(7) and (9) on the  l a y e r  n + 1 c e a s e s ,  s i nce  cond i t ion  
(12) e n t e r s  into f o r c e .  The  t r a n s v e r s e  v e l o c i t y  on the  
l a y e r  n + 1 is  c a l c u l a t e d  f r o m  cond i t ions  (8) and (13) 
s u c c e s s i v e l y  fo r  m = 1, 2 . . . . .  T h i s  v e l o c i t y  b e c o m e s  
cons t an t  at m >_ Mn+ 1. The  n u m b e r  M0, which  a f f ec t s  
the  e r r o r  in c o m p u t i n g  the  n e t w o r k  func t ions  n e a r  the  
l e a d i n g  edge  of the  p la t e ,  should  be  s e l e c t e d  in the  
r a n g e  f r o m  1 to 3. 

An i n v e s t i g a t i o n  of the  c o n v e r g e n c e  of the  so lu t ion  
of p r o b l e m  (7)-(13) to the  so lu t ion  of the  s y s t e m  of 
n o n l i n e a r  d i f f e r e n t i a l  equa t ions  (1)-(6) p r e s e n t s  c o n -  
s i d e r a b l e  d i f f i cu l t i e s .  H o w e v e r ,  the  n e c e s s a r y  c o n -  
v e r g e n c e  condi t ions  can  be  ob ta ined  as fo l lows .  F o r  
c o n v e r g e n c e  i t  is  n e c e s s a r y  that  the  d i f f e r e n c e  s c h e m e  
c o n s i s t  of equa t ions ,  the  so lu t ion  of each  of which  
c o n v e r g e s  to the  so lu t ion  of the  c o r r e s p o n d i n g  d i f f e r -  
en t i a l  equa t ion  and is c o n s i s t e n t  if a l l  the  unknown 
func t ions  but  one have  b e e n  exac t l y  d e t e r m i n e d .  

We a s s u m e  tha t  the  v e l o c i t y  f i e ld  is g iven  in the  
r e g i o n  in ques t ion .  Then  f o r  c o n v e r g e n c e  of the  s o l u -  
t ion  of the  d i f f e r e n c e  equa t ion  of hea t  p r o p a g a t i o n  
(9) to so lu t ion  (3) the  fo l l owing  cond i t ions  m u s t  be  
s a t i s f i e d  [4]: 

0..<M;~ ..< 0.5, IN;o~I~< 1. (16)  
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We fur ther  a s sume  that the t r a n s v e r s e  component 
of the ve loc i ty  vec to r  and the the rmophys ica l  c h a r -  
a c t e r i s t i c s  a re  given functions of the coordinates ,  
while the solution of Eq. (1) with ce r t a in  given bound- 
a ry  conditions is a suff ic ient ly smooth function sa t -  
isfying the condition u(x,y) >- Ct > 0. By C i, i - 1, 2, 
� 9  we denote pos i t ive  constants .  Then we can show 
that  if the conditions 

O < M . ~ 0 . 5 ,  ]N,~,,,I ~ 1 (17) 

a r e  sa t i s f ied ,  the network function Unto converges  to 
the exact  solution as h ~ 0. In fact, in accordance  
with our assumpt ions ,  Eq. (1) can be wr i t ten  in the 
following form:  

u(xn+i, Ym)= [1--2M(x, .  g.~)] u(x,. ym)+ 

+ M (x~, v.,) (1 + N~,~) u (x~, g.~_~) + 

+ M (x n, gin) (1 - -  N,.~) u (x n, g,.+i) + 

+ F,,m u ...... + lg, (18) 
u (x,,, Vm) 

where  

M(Xn, ym)=Mnm 

Since 

U=, , K = 0 q + h") < lC~. 
u (xn, y.,) 

grim __ 8nrn [ 1 + 8,~m 
u..~ u (x,,, g~) [ u (x,. g.~) 

8~m 2 + _ .  ~< 
U (Xn, y~) U (X~, g~) 

where  enm = U(Xn, Ym) - Unm, using conditions (7) 
and (16) we obtain 

I 8,~ +I.,, I = } (1 - -  2M,,,) er + Mn, ~ (1 + Nnm) e ..... 1 + 

+ M~,, (l --N~m) e ..... 1 + 

+ M~.~ e~,. {2u (x,. !t.) - -  
lt(Xn, Ym) 

--u(x~, y~_~)--u(x~, y~+O+ N~[u(x~, y,~+~)-- 

8nr, z + IK ..< 
--u(xn, gm-1)]}--F~m U(X~, gin) 

"~<6n[1 q l~'~m(l+Cz5~) (C4+ N'~hmCs) gin) 

l p~ (xO v (x~) (1 + c~ aO dV(x~) ] + 
p~mu 2 (xn, gin) dx J 

+ l~c2 -.< 8. [1 + I(c0 + c ,  ~n)] 

Here,  6 n is a number  not less  than the max imum of 
the absolute value of the e r r o r  enm for  l ayer  n; C4 = 
= max I02u/~y2I; c s = max tOu/oyl. F r o m  the l a t t e r  in-  
equali ty the re  follows the convergence  of the network 
function to the funct ion U(Xn, Ym) with the given a s -  
sumptions.  The steps l and h of the d i f fe rence  network 
a re  se l ec ted  on the bas is  of conditions (14) and (15). 

Dif ference  scheme (7)-(12) was numer i ca l l y  tes ted  
by solving a number  of hydrodynamic and t h e r m a l  
boundary l ayer  p rob lems  on a BESM-2M computer .  

In the calculat ions the dynamic v i s cos i t y  g was a s -  
sumed to be a function of t em pe ra tu r e ,  and the densi ty  
p i nve r se ly  propor t ional  to the t e m p e r a t u r e .  

Numerous  calcula t ions ,  in which the quanti t ies 
Pr ,  #, p, v c, t c, 0 w e r e  var ied ,  showed that violat ion 
of conditions (14) and (15) makes  the computat ion p r o -  
ce s s  unstable.  

The accuracy  of solutions obtained by the proposed  
d i f fe rence  method can be judged f r o m  a compar i son  
of the numer i ca l  solut ion and the known exact  solut ion 
for  the p rob lem of the boundary l aye r  on a plate in a 
s ta t ionary  homogeneous ex te rna l  flow [5]. The table 
p re sen t s  the r e su l t s  of solving this p rob lem for  the 
following s ta r t ing  data: u0 = V -- 1; v 0 = Vc = 0; t o = 
= T = t  c = 1; 0 = 0 ;  P r =  1; p =  1 ; h  = 0 .01 ; l  = 0.0001. 
It is c l ea r  f r o m  the table that the e r r o r s  in computing 
the ve loc i t i e s ,  which a re  p resen ted  as a function of 
the d imens ion less  coordinate  y* = y ~ 7 " ~ ,  d e c r e a s e  
in the d i rec t ion  of the x -ax i s .  The same  appl ies  to the 
e r r o r  in computing the f r i c t ion  s t r e s s  on the plate 
sur face  r c, which is ca lcu la ted  f r o m  the fo rmula  

~nl --/~nO 
h 

The e r r o r  in computing r c at x = 0.16 does not exceed  
0.05%. It should be noted that the ra te  of i n c r e a s e  of 
the number  of s teps  M along the y -ax i s  d e c r e a s e s  
rapidly  along the flow. 

NOTATION 

u and v a r e  the longitudinal and t r a n s v e r s e  c o m -  
ponents of the veloci ty  vec to r ;  p is the densi ty;  p is the 
coeff ic ient  of dynamic v i scos i ty ;  V, T, and p~o a re  the 
longitudinal veloci ty ,  t e m p e r a t u r e ,  and densi ty at the 
outer  edge of the boundary l aye r ;  P r  is the Prandt l  
number ;  0 is the t e m p e r a t u r e  c r i t e r i on ;  Cp and c v de-  
note the speci f ic  heats  at constant  p r e s s u r e  and vol -  
ume;  Me0 is the Mach number;  T is the f r ic t ion  s t r e s s ;  
y* is the d imens ion less  coordinate .  Subscr ipts :  0) pa-  
r a m e t e r s  in the init ial  sec t ion  of the boundary l ayer ;  
c) p a r a m e t e r s  at  the su r face  of the plate.  
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